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The definition and basic properties of real and complex vector bundles can be found e.g. in Milnor-Stasheff, Characteristic
Classes, §§2, 3 and 13. We denote the trivial rank r real (respectively complex) vector bundle over X by εrR (respectively
εrC), or simply εr or ε when no confusion is likely. Given real vector bundles E,F → X we can form the (Whitney) sum
E ⊕ F , the tensor product E ⊗ F , the Hom bundle Hom(E,F ), the symmetric power Sk(E), the exterior power Λk(E) and
the dual E∗ = Hom(E, ε1R), and similarly for complex vector bundles. We will only consider vector bundles of finite rank and
the base spaces will be assumed to be CW-complexes unless stated otherwise.

The Grassmann manifolds Gm(Rn) and Gm(Cn) are defined in Milnor-Stasheff, ibid. §5 and §14. There are tautological
vector bundles denoted γm(Rn) and γm(Cn) over Gm(Rn), respectively Gm(Cn). We will often denote either of these simply
as γm.

There are inclusions
Gm(Rm) ⊂ Gm(Rm+1) ⊂ · · · .

The union
⋃

iG(m(Rm+i) equipped with the direct limit topology is denoted Gm(R∞) or simply Gm. There is a vector
bundle γm on Gm which gives γm(Rn) when restricted to Gm(Rn). Every real vector bundle of rank m on a Hausdorff
paracompact space (e.g. a CW-complex) X is isomorphic to f∗(γm) for some f : X → Gm(R∞). Moreover, the bundles
f∗(γm) and g∗(γm) are isomorphic iff f, g : X → Gm(R∞) are homotopic. This is why the bundles γm(R∞) are called
universal vector bundles. See Milnor-Stasheff, ibid., §5. The complex analogues of these statements are also true. The spaces
Gm(R∞) and Gm(C∞) are also denoted BO(m) and BU(m) respectively. Later we will see why.

The first Chern class of a line bundle
Let a ∈ H2(CP∞,Z) be the generator such that a restricted to CP 1 is compatible with the complex structure. Recall

that then H∗(CP∞,Z) = Z[a] as a ring. All vector bundles in this problem sheet are assumed to be of finite rank and all
spaces are assumed paracompact, so that we can be sure that vector bundles are classified by maps to Grassmannians.

Question 1. Let E be a complex line bundle on a space X. We know that E is the pullback of the tautological line
bundle γ1 on CP∞ under some map f : X → CP∞. We set c1(E) = f∗(−a). Show that this definition is functorial with
respect to taking pullbacks of cohomology classes and vector bundles: i.e., if g : Y → Z is a continuous map and E → Z is
a complex line bundle then g∗(c1(E)) = c1(g∗(E)) where f∗ on the right denotes the pullback of a vector bundle.

Remark. The minus sign is there mainly for historical and psychological reasons: we would like the first Chern class of
O(1), rather than γ1 = O(−1), to be +a.

Tensor products and duals of line bundles
Question 2. (a) Suppose E1, E2 → X are complex line bundles. Show that c1(E1 ⊗ E2) = c1(E1) + c1(E2).
[Hint: use the Künneth theorem to calculate the cohomology of CP∞ × CP∞; then calculate the maps H2(CP∞ ×

CP∞,Z) → H2(CP∞,Z) induced by the embeddings CP∞ → CP∞ × CP∞ given by x 7→ (x, x0) and x 7→ (x0, x) where
x ∈ CP∞ and x0 ∈ CP∞ is a fixed element; use the result to calculate the first Chern class of γ = p∗1(γ1) ⊗ p∗2(γ1) where
p1, p2 : CP∞ × CP∞ → CP∞ are the projections; finally, if we are given classifying maps X → CP∞ for E1 and E2 then
E1 ⊗ E2 is obtained by pulling back γ under the resulting map X → CP∞ × CP∞.]

(b) Show that if E → X is a complex line bundle and E∗ → X is the dual of E then c1(E∗) = −c1(E). [Hint: by
constructing an everywhere non-zero section show that E∗ ⊗ E ∼= ε1, the trivial line bundle.]

The Leray-Hirsch theorem and the Thom isomorphism
Suppose (E,B, p : E → B) is a locally trivial bundle. For x ∈ B set Fx = p−1(x). Let R be a (commutative, associative)

ring with a unit.
The Leray-Hirsch theorem says that if a1, . . . , aN are cohomology classes ∈ H∗(E,R) such that for all x ∈ B the R-module

H∗(Fx, R) is freely generated by the restrictions of ai’s, then H∗(E,R) is freely generated by the ai’s as a H∗(B,R)-module.
[Note that this provides partial information on the ring structure of H∗(B,R). We’ll see in a minute that in general this
information is only partial.] For a proof see A. Hatcher, Algebraic Topology, Theorem 4.D.1.

We will also need a relative version of this. Let E,B, p be as above, and let E′ be a subbundle of E. If x ∈ B, then
we set Fx = p−1(x), F ′x = Fx ∩ E′. Suppose there are relative cohomology classes a1, . . . , aN ∈ H∗(E,E′, R) such that for
every x ∈ B the restrictions of these classes to H∗(Fx, F

′
x, R) freely generate it as an R-module. Then H∗(E,E′, R) is freely

generated by the ai’s as a H∗(B,R)-module. See A. Hatcher, ibid., Theorem 4.D.8.
In particular, the relative vesrion of the Leray-Hirsch theorem implies the Thom isomorphism theorem: if E → B is a

vector bundle of real rank r and E0 is E minus the zero section, then u ∈ Hr(E,E0, R) is called a Thom class iff u restricted
to each couple (Fx, (Fx)0) generates Hr(Fx, (Fx)0, R) ∼= R. As above, Fx = p−1(x) and (Fx)0 is Fx minus 0.
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If R = Z/2, then every vector bundle has a unique Thom class. If R = Z, the existence of a Thom class is equivalent to
orientability of the vector bundle. See Milnor-Stasheff, Characteristoc classes, Theorem 10.2 and Theorem 10.4. The Thom
isomorphism theorem says that if E admits a Thom class u, then H∗(E,E0, R) is a free H∗(B,R)-module generated by u.

The splitting principle
In Questions 3-5 E → X is a complex vector bundle and P(E) is the projectivisation of E, see Bott-Tu, Differential

Forms in Algebraic Topology, chapter IV, §20. We denote the rank of E as r.
Question 3. (a) Using the Leray-Hirsch theorem and Question 1 show that the map H∗(X,Z)→ H∗(P(E),Z) induced

by the projection p : P(E)→ X is injective.
(b) Using part (a) and the fact that p∗(E) contains the tautological subbundle γ1E (it is denoted S in Bott-Tu) deduce

the splitting principle: if E → X is as above then there is a space Y and a continuous map f : Y → X such that 1) the
cohomology map f∗ : H∗(X,Z)→ H∗(Y,Z) is injective, and 2) f∗(E) is a direct (=Whitney) sum of line bundles.

The definition and first properties of the Chern classes
Question 4. Set γ′ to be the dual of the tautological bundle γ1E on P(E) and set c = c1(γ′). Using the Leray-Hirsch

show that H∗(P(E),Z) is a free H∗(X,Z)-module generated by 1, c, . . . , cr−1.
It follows from Question 3 that one can express cr in terms of 1, c, . . . , cr−1 and the cohomology of X. In other words

there are classes c1(E) ∈ H2(X,Z), . . . , cr(E) ∈ H2r(X,Z) such that

cr + c1(E)cr−1 + · · ·+ cr(E) · 1 = 0. (1)

The class ci(E) ∈ H2i(X,Z) is called the i-th Chern class of E. We also define the total Chern class c(E) of E as
1 + c1(E) + · · · + cr(E). We will view it as an element of H∗∗(X,Z) =

∏
iH

i(X,Z); note that as an element of the latter
ring it is always invertible (why, by the way?).

Question 5. Show that

H∗(P(E),Z) ∼= H∗(X,Z)[c]/cr + c1(E)cr−1 + · · ·+ cr(E) · 1 = 0

as a ring. [Hint: construct a map of rings from the ring on the right to the one on the left and apply the Leray-Hirsch.]

Question 6. So now we have two definitions of c1 of a line bundle. Prove that they coincide.

Question 7. Show that the Chern classes are functorial with respect to taking pullbacks: i.e., if g : Y → Z is a continuous
map and E → Z is a complex vector bundle then g∗(ci(E)) = ci(g

∗(E)) for all i = 1, . . . , r.

The Whitney formula
In Questions 8-10 E1, E2 → X will be vector bundles over X. Our next task will be to prove the Whitney sum formula

c(E1 ⊕ E2) = c(E1)c(E2).
Question 8. For a vector bundle E → X we let I(E) be the ideal of H∗(X,Z)[c] generated by (1). Show that I(E1⊕E2)

is contained both in I(E1) and I(E2). [Hint: use Question 4 and the fact that P(E1) and P(E1) are both contained in P(E).]

It may look like the Whitney formula follows straight from Question 8 but it does not: the ring H∗(X,Z)[c] may not have
any nice properties: e.g., it will not in general be commutative, and even if it is may not be a unique factorisation domain,
as it will often contain zero-divisors. Also, the polynomials defined using (1) for E1 and E2 may be have a common factor
or simply coincide. And so on. So we need to work a bit more.

Question 9. (a) Let R be an integral domain i.e., a commutative ring with a unit without non-zero zero divisors. If

p ∈ R[c] is a polynomial with top coefficient 1 that has d = deg p distinct roots in R. Show that p(c) =
∏d

i=1(c− ai) where
a1, . . . , ad are the roots of p. [Hint: embed R in its field of fractions; by the way, can you find polynomials over Z/6 and Z/8
which have more roots than their degree?]

(b) Using part (a) and Question 8 deduce by induction on m that if X = (CP∞)m and E = p∗1(γ1)⊕ · · · ⊕ p∗m(γ1) then
c(E) =

∏m
i=1(1 − ai). Here pi : X → CP∞ is the i-th projection and ai ∈ H2(X,Z) is p∗i (a) (and a is the generator of

H∗(CP∞,Z) which we have chosen). [Hint: set R = H∗(X,Z) and let p(c) be the polynomial given by (1).]

Question 10. (a) Deduce from Question 8 (b) that the Whitney sum formula holds if both E1 and E2 split as direct
sums of line bundles.

(b) Using the splitting principle show that the Whitney sum formula holds for arbitrary vector bundles.

The uniqueness theorem
Question 11. Show that if we have found a way to associate to every vector bundle on every space X an element

c′(E) = 1 + c′1(E) + · · ·+ c′r(E) ∈
∏

iH
i(X,Z) so that

• c′i(E) ∈ H2i(E);

• c′(γ1) = 1− a where γ1 → CP∞ is the tautological line bundle;

• c′(E1 ⊕ E2) = c′(E1)c′(E2);

• c′(f∗(E)) = f∗(c′(E)) if E → Y is a vector bundle and f : X → Y is a continuous map,
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then c′(E) = c(E) for every vector bundle E → X.
[Hint: show that c′ = c for 1. γ1 on CP 1; 2. for γ1 on CP∞; 3. for p∗1(γ1)⊕· · ·⊕ p∗m(γ1) on (CP∞)m; 4. for an arbitrary

vector bundle using the functoriality and the splitting principle.]

Stiefel-Whitney classes
The case of real vector bundles is very similar but this time we start by setting aR to be the non-zero element of

H1(RP∞,Z/2) ∼= Z/2.
Question 12. Show that there is a unique way to associate to a real vector bundle E → X of rank r classes 1 =

w0(E), w1(E) ∈ H1(X,Z/2), . . . , wr(E) ∈ Hr(X,Z/2) with the following properties (as above, we set w(E) = 1 + w1(E) +
· · ·+ wr(E)):

• w(γ1R) = 1 + aR where γ1R → RP∞ is the tautological line bundle;

• w(E1 ⊕ E2) = w(E1)w(E2);

• w(f∗(E)) = f∗(w(E)) if E → Y is a vector bundle and f : X → Y is a continuous map,

The class wi(E) will be called the i-th Stiefel-Whitney class of E and w(E) = 1 + w1(E) + · · · + wr(E) the total
Stiefel-Whitney class of E.

Remark. As in Question 2, we will have w1(E1 ⊗ E2) = w1(E1) + w1(E2) where E1, E2 → X are line bundles. If E∗

is the dual of a line bundle E we will have w1(E∗) = −w1(E) = w1(E). Note that by introducing a metric on an arbitrary
vector bundle E → X we can construct an isomorphism E ∼= E∗; by the way, why doesn’t this work in the complex case?
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