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The definition of an orientation of a vector bundle can be found e.g. in Milnor-Stasheff, Characteristic Classes, §9. Note
that all complex vector bundles are oriented as real vector bundles: if e1, . . . , er is a basis of Cr as a complex vector space
then e1, ie1, . . . , er, ier is a basis of Cr as a real vector space, and if e′1, . . . , e

′
r is another C-basis of Cr then the transition

matrix from e1, ie1, . . . , er, ier to e′1, ie
′
1, . . . , e

′
r, ie

′
r has positive determinant. So in particular, all complex vector bundles are

orientable and even have a preferred orientation.
If E and F are oriented vector bundles over X, then we orient E ⊕ F by choosing for every x ∈ X a positive frame

(e1, . . . , er) in Ex and a positive frame (f1, . . . , fs) in Fx and declaring (e1, . . . , er, f1, . . . , fs) to be a positive frame in
(E ⊕ F )x. Here the subscript x denotes the fibre over x ∈ X.

The Euler class and top Chern and Stiefel-Whitney classes
Here we define the Euler class and see how it is related to the Stiefel-Whitney and Chern classes.
Question 1. The Euler class e(E) of an oriented real vector bundle E → X of rank r is the image of the Thom class

u ∈ Hr(E,E0,Z) under the map
Hr(E,E0,Z)→ Hr(E,Z)→ Hr(X,Z).

(a) Show that the Euler class of the sum E1 ⊕ E2 of oriented bundles E1 and E2 is e(E1)e(E2).
(b) Show that the Euler class is functorial with respect to taking pullbacks of oriented bundles.
(c) Show that if r is odd, then e(E) has order 2, i.e. e(E) + e(E) = 0.
(d) Show that if E has a nowhere vanishing section, then e(E) = 0.
A very important geometric fact: if X is a smooth oriented manifold, then e(E) is Poincaré dual to the zero locus

Z(s) of any non-singular section s of E. [Here we call a section s : X → E non-singular iff it intersects transversally the
zero section.] This works for non-compact manifolds as well, but then we need to consider the fundamental class of Z(s) as
an element of the Borel-Moore (=locally finite) homology group. Let us assume all this for now.

Another important geometric fact: if X,E are as in the previous paragraph and s is a smooth section, then the
normal bundle νXZ(s) is E|Z(s).

Question 2. Prove this.

Question 3. (a) Show that for complex line bundles e = c1. [Hint: using the functoriality property of both classes it
suffices to check this for γ1 over CP∞; since both e and c1 live in H2 is suffices to consider γ1 over CP 1 and then use the
definition of the first Chern class and the geometric interpretation of the Euler class.]

(b) Deduce using the splitting principle that for an arbitrary complex vector bundle of rank r we have cr = e.

Question 4. In Question 1 above the Euler class was defined using the Thom class of an oriented real vector bundle.
But when working with cohomology mod 2, no orientation assumption is necessary: every real vector bundle has a unique
Z/2-orientation. This allows one to define for every rank r real vector bundle E → X a class eR(E) ∈ Hr(X,Z/2).

(a) Show that eR(E1 ⊕ E2) = eR(E1)eR(E2) for E1, E2 → X real vector bundles.
(b) Show that for orientable real vector bundle eR is simply the reduction of e mod 2, i.e. it is the image of the Euler

class under the map H∗(X,Z)→ H∗(X,Z/2) induced by Z→ Z/2.
(c) Show that for the bundle γ1 on RP 1 we have eR = w1. [Hint: it suffices to show that eR(γ1) 6= 0.]
(d) As in Question 2 deduce that for every rank r real vector bundle we have wr = eR.
So for oriented real vector bundles the Euler class reduced mod 2 coincides with the top Stiefel-Whitney class.

Taking duals and tensor products
Next we would like to express the characteristic classes of various functors of vector bundles in terms of the characteristic

classes of given bundles. The main tool for higher rank bundles will be the splitting principle.
Question 5. (a) Show that if E → X is a complex vector bundle and E∗ is the dual of E then ck(E∗) = ck(E) for k

even and ck(E∗) = −ck(E) for k odd.
(b) Show that if E → X is a real vector bundle and E∗ is the dual of E then wk(E∗) = wk(E) for all k. [Hint: either use

the splitting principle or show that E∗ ∼= E.]
Question 6. (a) For a rank 3 complex vector bundle E → X express the Chern classes of Λ2(E) and Λ3(E) in terms of

the Chern classes of E. Recall that Λi denotes the i-th exterior power.
(b) For a rank 2 complex vector bundle E → X express the Chern classes of S2(E) in terms of the Chern classes of E.

Recall that S2 denotes the second symmetric power.
(c) Given complex vector bundles E1, E2 → X of rank 2, express the Chern classes of E1 ⊗ E2 in terms of the Chern

classes of E1 and E2.
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The Chern character
Question 7. (a) For a space X we set H∗∗(X,Q) = Πi≥0H

i(X,Q). Assuming X to be sufficiently nice, say a CW-
complex, construct a map ch from the set of all (isomorphism classes of) complex vector bundles on X to H∗∗(X,Q) such
that ch(E1 ⊕ E2) = ch(E1) + ch(E2) and ch(E1 ⊗ E2) = ch(E1)ch(E2).

(b) For a vector bundle E → X we set

Λeven(E) =
⊕
i∈Z

Λ2i(E) and Λodd(E) =
⊕
i∈Z

Λ2i+1(E).

Calculate ch(Λeven)(E)± ch(Λodd(E)) in terms of c(E) or ch(E).

The tangent bundle of a Grassmannian manifold
Here we will express the tangent vector bundle of a real Grassmann manifold in terms of the tautological bundle and its

orthogonal complement. The case of complex Grassmannian manifolds is similar. There is just one small difference: in the
real case every bundle is isomorphic to its dual via a Euclidean metric, while in the complex case the dual of a vector bundle
is isomorphic to the complex conjugate bundle, as a Hermitian metric identifies the dual of a complex vector space with the
complex conjugate space.

Question 8. Recall that there is the tautological bundle γk over the Grassmann manifold Gk(Rn). We can view γk as
a sub-bundle of εn, the trivial rank n bundle over Gk(Rn). Using a Euclidean metric on Rn we can choose an orthogonal
complement γ⊥ of γk inside εn. Show that the tangent bundle TGk(Rn) is isomorphic to Hom(γk, γ⊥).

Question 9. (a) Show that the tangent bundle of RPn plus a trivial line bundle is isomorphic to Hom(γk, εn). Deduce
that the total Stiefel-Whitney class of TRPn is (1 + a′)n+1 where a′ ∈ H1(RPn,Z/2) is the non-zero element.

(b) (a) Show that the tangent bundle of CPn plus a trivial line bundle is isomorphic to Hom(γk, εn). Deduce that the
total Chern class of TCPn is (1 + a)n+1 where a ∈ H2(CPn,Z) is the generator compatible with the complex structure.

Immersions, embeddings and the Stiefel-Whitney classes
Recall from the previous problem sheet on characteristic classes that if E → X is a real vector bundle of rank r we denote

the total Shiefel-Whitney class 1 + w1(E) + · · · + wr(E) as w(E). Similarly, we set c(E) to be the total Chern class of a
complex vector bundle E → X of rank r. We will view w(E) as an element of H∗∗(X,Z/2) =

∏∞
i=0H

i(X,Z/2) and c(E) as an
element of H∗∗(X,Z) =

∏∞
i=0H

i(X,Z). These elements are invertible and we will denote the inverses w̄(E) ∈ H∗∗(X,Z/2)
and c̄(E) ∈ H∗∗(X,Z) respectively.

Question 10. Show that if a manifold M of dimension m admits a smooth immersion into Rn then all components w̄k
in degree > n−m vanish. Deduce that for m a power of 2, RPm can not be immersed in R2m−2.

Remark. By the (strong) Whitney immersion theorem every smooth manifold of dimension m can be immersed in

R2m−1 so for RP 2k the result of the previous question is the best one can hope for.

Here is a generalisation of the result of the previous question.
Question 11. Let α(m) be the number of 1’s in the binary representation of a positive integer m. An old conjecture

(I’ve forgotten who it belongs to) says that every smooth manifold can be embedded in R2m+1−α(m). Another conjecture
(proved by J. Lannes in the 1980s) says that every smooth manifold can be immersed in R2m−α(m). Prove that none of these
estimates can be improved (meaning that for every m there are smooth m-manifolds which do not embed into R2m−α(m)

and smooth m-manifolds which do not immerse into R2m−α(m)−1). [Hint write m as a sum of pairwise distinct powers of 2
and consider the product of real projective spaces of dimensions equal to these powers. Then use the Stiefel-Whitney classes
to deduce the immersion part of the statement. But how to handle the embedding part?]

Question 12. By the Whitney embedding theorem RP 2 can be embedded in R4. Locally an m-submanifold of Rn is
given as the zero locus Z of n −m smooth functions whose gradients are linearly independent at each point of Z. But is
there a way do this globally for RP 2? In other words, is there a way to describe the image if an embedding f : RP 2 → Rn
for some n using n− 2 equations such that the gradients of the equations are linearly independent at each point of Im(f)?
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