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Differential operators
Question 1: Elliptic complexes. Let M be a smooth compact manifold without boundary. Suppose

E0 →M, . . . , En →M are vector bundles equipped with scalar products and

0→ Γ(E0)
D0→ · · · Dn−1→ Γ(En)→ 0 (1)

is a sequence of differential operators which all have the same order k. Furthermore, let us suppose this
sequence is a complex, i.e., Dn+1 ·Dn = 0 for all n. Let (T ∗M)0 be the cotangent bundle of M minus the
zero section and let p : (T ∗M)0 →M be the projection. If the corresponding sequence of k-symbols

0→ p∗(E0)
σD0→ · · ·

σDn−1→ p∗(En)→ 0

is pointwise exact, then we say that (1) is an elliptic complex. We will suppose this is the case from now on.
Let D∗

n : Γ(En+1)→ Γ(En) be the adjoint of Dn. Set E =
⊕n

i=0 Ei and set Eeven, respectively Eodd, to
be the sum of all even, respectively all odd Ei’s. Then the sum D of all Di’s and D∗

i ’s can be viewed as an
operator E → E.

(a) Generalising the proof for the de Rham operator from the lectures show that this D = Deven + Dodd

with Deven : Eeven :→ Eodd and Dodd : Eodd → Eeven being the adjoints of each other.
(b) Show also that the cohomology groups of (1) are all finite-dimensional and the index of Deven is the

Euler characteristic of (1).
You may assume that the kernel and cokernel of every elliptic operator are finite-dimensional and that

the cokernel is isomorphic to the kernel of the adjoint.

Characteristic classes
Question 2. (a) For a rank 3 complex vector bundle E → X express the Chern classes of Λ2(E) and

Λ3(E) in terms of the Chern classes of E. Here Λi denotes the i-th exterior power.
(b) For a rank 2 complex vector bundle E → X express the Chern classes of S2(E) in terms of the Chern

classes of E. Here S2 denotes the second symmetric power.

More linear algebra
Question 3: an almost complex structure on S6. Let O be the ring of octonions. This ring has a

unit, which we will denote 1, but is not associative or commutative.
(a) Look up the multiplication table for O on Wikipedia. Note that the unit 1 is denoted e0 there. Let

V ⊂ O be the vector subspace spanned by all basis elements except 1. Show that for every v ∈ V we have
v2 = −||v||2.

(b) Now let S6 ⊂ V be the unit sphere, i.e., the set of all v ∈ V such that ||v|| = 1. Show that (say left)
multiplication by a v ∈ S6 is an orthogonal map O→ O which preserves the 2-plane spanned by 1 and v.

(c) Deduce that left multiplication by v ∈ S6 preserves the orthogonal complement of v in V . Deduce
that TS6 has an almost complex structure.

The definition of the norm || || can be found e.g. in the same Wikipedia article. You may use the fact
that ||xy|| = ||x||||y|| for all x, y ∈ O.

Question 4. Prove the lemma we used in the proof of the signature theorem: suppose V is a finite-
dimensional vector space equipped with a scalar product (−,−) and A : V → V is an operator such
that A2 = I. Show that if the bilinear form b given by b(v, w) = (v,Aw) is symmetric, then A is self-
aljoint (meaning that A∗ = A) and the positive (respectively negative) index of inertia of b is equal to the
multiplicity of the eigenvalue 1 (respectively −1) of A. (Every quadratic q form on a finite-dimensional vector
space over R can be written in some basis as x2

1 + · · ·x2
k − x2

k+1 − · · · − x2
k+l; the numbers k and l are called

the positive, resp.negative, index of inertia of q.)
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